In this paper we present the full NLO QCD + NLO EW corrections to the Z-boson pair production in association with a hard jet at the LHC. The subsequent Z-boson leptonic decays are included by adopting both the naive NWA and MadSpin methods for comparison. Since the ZZ +jet production is an important background for single Higgs boson production and new physics search at hadron colliders, the theoretical predictions with high accuracy for the hadronic production of ZZ + jet are necessary. We present the numerical results of the integrated cross section and various kinematic distributions of final particles, and conclude that it is necessary to take into account the spin correlation and finite width effects from the Z-boson leptonic decays. We also find that the NLO EW correction is quantitatively nonnegligible in matching the experimental accuracy at the LHC, particularly is significant in high transverse momentum region.
I. Introduction
The weak gauge boson pair production with subsequent leptonic decays plays an essential role in the research of Higgs particle and the new physics beyond the standard model (SM). It is always accompanied by additional one or more hard QCD radiations at the Large Hadron Collider (LHC), therefore, the study of V V ′ + jet(s) (V V ′ = W W, ZZ, ZW ) productions at the LHC is significantly improtant and may also help us to gain a deeper understanding of jet physics. By far the V V ′ + jet production cross sections are known up to the QCD next-to-leading order (NLO), and the precision calculations for the NLO QCD + NLO electroweak (EW) corrections are urgently needed to match the experimental accuracy at the LHC. These research items are listed in the 2013 Les Houches high precision wish list [1] .
The Z-boson pair production is of great phenomenological importance in measuring gauge couplings at the LHC, and is also one of the background processes for single Higgs boson production. Thus a thorough understanding of the Z-boson pair production is necessary. So far physicists have made enormous efforts in investigating Z-boson pair production at hadron colliders not only experimentally (see Refs. [2] [3] [4] [5] [6] and more references therein), but also theoretically. The NLO QCD predictions for the Z-boson pair production with leptonic decays were calculated in Refs. [7] [8] [9] , and the next-to-next-toleading order QCD calculations have been given in Refs. [10, 11] including the significant loop-induced gluon-fusion contributions [12] [13] [14] . The NLO EW corrections to the Z-boson pair production were given in Refs. [15, 16] and then were extended to include leptonic decays with spin correlation effect in Ref. [17] . More recently, the investigation to the four lepton production including the full off-shell contributions from the intermediate Z-bosons and photons was presented in Ref. [18] . The Z-pair production is also particularly interesting in searching for new physics [19, 20] , since there is no ZZγ or ZZZ coupling [21] [22] [23] [24] in the SM. Probing such anomalous neutral gauge boson couplings at hadron colliders has also been studied in the literature [25] [26] [27] .
The Z-boson pair production at a hadron collider is always associated with one or more additional hard jets. The complete NLO QCD calculation for the ZZ + jet production without Z-boson decays at the Tevatron and the LHC has been presented in Ref. [28] , while the precision study including the NLO QCD + NLO EW corrections on the ZZ + jet production at hadron colliders with subsequent vector boson decays is still desired [1] . In this work we report on the NLO QCD + NLO EW calculations for the ZZ + jet production with Z-boson leptonic decays in the SM at hadron colliders. The rest of this paper is organized as follows: The calculation strategy is described in Section 2. Numerical results of the integrated cross section and various kinematic distributions are presented in Section 3, and finally we give a short summary in Section 4.
II. Calculation strategy II..1 General description
The calculation method for the NLO QCD corrections to the pp → ZZ + jet process is the same as in Ref. [28] . In this section we describe mainly on the differences compared to that paper. In both the NLO QCD and NLO EW calculations we apply FeynArts-3.7 [29] to generate the Feynman diagrams and FormCalc-7.3 [30] to algebraically simplify the corresponding amplitudes. To check the correctness of our NLO QCD calculation, we perform the NLO QCD calculation by using both MadGraph5 [32] and FeynArts-3.7+FormCalc-7.3+LoopTools-2.8 [29] [30] [31] , and find that the numerical results obtained from the two packages are coincident with each other within the calculation errors.
At the leading order (LO), the pp → ZZ+jet+X process involving the following partonic processes:
In initial state parton convolution we adopt the 5-flavor scheme, i.e., q = u, d, c, s, b, and neglect their quark masses. We accomplish our calculation in the 't Hooft-Feynman gauge. In the NLO calculations, the ultraviolet (UV) and infrared (IR) singularities are isolated in dimensional regularization scheme, where the dimensions of spinor and space-time manifolds are extended to D = 4 − 2ǫ.
Some representative LO Feynman diagrams for the subprocess→ ZZg are shown in Fig.1 . We can see that the Feynman diagram structure and the helicity amplitude are obviously distinct from those for the W + W − + jet production [28] . Due to the identical Z-boson final state, we encounter considerably increased number of Feynman diagrams in this work compared to the W + W − + jet production. Meanwhile, the triple gauge boson vertices are involved in the W + W − + jet production but not in the ZZ + jet production. It is noteworthy that there is no need to distinguish the ZZ + jet and ZZ + γ events in the LO calculation, while we should properly define the ZZ + jet event in the NLO EW calculation due to a possible additional photon in final state. This issue will be detailed in Section II..4. The photon-induced subprocesses,
2) also contribute to the parent process pp → ZZ + jet + X. In Fig.2 we present the representative tree-level Feynman diagrams for the γq → ZZq partonic process. Since the NLO QCD corrections to the photon-induced subprocesses are at O(α 3 α s ), the same order as the EW corrections to the quarkantiquark annihilation and quark-gluon fusion subprocesses, we should also include these photoninduced contributions in the calculation of the NLO QCD+EW corrections to the ZZ +jet production. Now we clarify the appropriate choice of input fine structure constant α in this work. The renormalized electric charge is given by
where e 0 is the bare electric charge and δZ e is the corresponding renormalization constant. In the α(0)-scheme, the on-shell renormalization condition is employed for the e−e−γ vertex in the Thomson limit (photon momentum transfer k 2 → 0). Then we get the electric charge renormalization constant as [33] δZ
where the wave-function renormalization constants δZ AA and δZ ZA are given by
is the transverse part of the unrenormalized self-energy of the X → Y transition at momentum squared k 2 . As we know, the electric charge renormalization constant δZ
contains masssingular terms log(m 2 f /µ 2 ) (f = e, µ, τ, u, d, c, s, b). For a process with l external photons and n EW couplings in the tree-level amplitude, if l = n, the full NLO EW correction is free of those unpleasant large logarithms because of the exact cancelation between the logarithms in vertex counterterms and in external photon wave-function counterterms; while if l < n, the uncanceled large logarithms can be absorbed into n − l EW couplings by using running fine structure constant as input for these n − l EW vertices. Therefore, we adopt the G µ -scheme for all the EW couplings of the pp → ZZ + jet + X process in our calculation. In the G µ -scheme, the fine structure constant is chosen as
to absorb those large logarithmic corrections in δZ
. Correspondingly, the electric charge renormalization constant in the G µ -scheme should be modified as
where ∆r is provided in Ref. [34] by considering the one-loop EW corrections to the muon decay. This subtraction term is introduced to avoid double counting in NLO EW calculation.
II..2 Virtual EW corrections
The O(α 3 α s ) correction to the parent process pp → ZZ + jet + X includes two parts: (1) NLO EW corrections to the quark-antiquark annihilation and quark-gluon fusion partonic channels (2.1), and (2) NLO QCD corrections to the photon-induced subprocesses (2.2). The virtual corrections are induced by the related self-energy, vertex, box, and pentagon graphs. In Fig.3 we depict the representative EW pentagon diagrams for the partonic process→ ZZg. The UV divergences can be canceled exactly after performing the renormalization procedure, and the mass singularities are also removed since the G µ -scheme is adopted in the electric charge renormalization. The IR divergences originating from virtual photon exchange in loops can be canceled after adding the real photon emission corrections and the EW counterterms of parton distribution functions (PDFs). Then the final results are UVand IR-finite.
Representative EW pentagon diagrams for the partonic process→ ZZg.
We follow the approach proposed by Denner and Dittmaier [35] to decompose 5-point integrals into 4-point integrals. All tensor integrals can be reduced to scalar integrals recursively by using the Passarino-Veltman algorithm [36] . In the numerical calculation of 4-point integrals, we may confront a serious unstable problem induced by small Gram determinant. In order to solve this unstable problem, we add the quadruple precision arithmetic option in LoopTools-2.8 [31] by using the segmentation method analogous to that in Refs. [37, 38] . After the refinement above, the program can switch to the quadruple precision arithmetic in the region of detG 3 /(2k 2 max ) 3 < 10 −5 flexibly, where detG 3 is the Gram determinant and k 2 max the maximum of the external four-momentum squared for a given 4-point integral. Finally, we successfully keep the numerical instability under control and consume relatively less computer CPU time.
II..3 Real photon emission corrections
The real photon emission corrections to the partonic channels in Eq.(2.1) are from the following subprocesses:
The soft and collinear IR divergences in real photon emission corrections are canceled exactly and partially with those from loop diagrams respectively, and the remaining collinear IR singularities are absorbed by the EW counterterms of quark PDFs. The quark PDF EW counterterm δΦ EW q|P contains two parts: the collinear photon emission part δΦ
and the collinear light-quark emission part
. In the dimensional regularization and DIS factorization scheme, these two collinear parts are expressed as
where Q q is the electric charge of quark q. The splitting functions P ij (z) are written as 10) and the DIS subtraction functions C DIS ij (z) are given by [37, 39] 
In calculating real photon emission partonic processes, we employ the two cutoff phase space slicing (TCPSS) method [40] to isolate the soft and collinear IR singularities. By introducing two arbitrary small cutoffs δ s and δ c , the phase space of a real photon emission process is decomposed into soft 
II..4 Event identification and selection
For the inclusive ZZ + jet production, there exist ZZ + jet + jet and ZZ + jet + γ four-particle events originating from the real gluon, light-quark and photon emissions at O(α 2 α 2 s ) and O(α 3 α s ). The topologies of these real emission subprocesses are expressed as
We apply the transverse momentum cut of
on the leading jet of final state to ensure a detectable hard jet in the inclusive ZZ +jet production. This kinematic cut can also guarantee the IR safety at the LO. If the two tracks of jets (or jet and photon) of final state are sufficiently collinear, i.e., R jetjet (or R γjet ) < R 0 , where
represents the separation of the two tracks on the rapidity-azimuthal-angle plane, we merge them into a single jet track. However, this naive track combination procedure is always accompanied with two problems for 0 → ZZqqgγ if the final state is ZZ + jet + γ. First, the 0 → ZZqqgγ topology with ZZ + jet + γ final state, i.e., the partonic processes in Eq.(2.8), can be treated as not only the real photon bremsstrahlung to the ZZ + jet production but also the real jet emission to the ZZ + γ production. Therefore, the jet-photon-merged track might be regarded as a photon, not necessarily a jet. Second, for the→ ZZgγ subprocess, if the gluon-photon-merged track is regarded as a jet, the energy fraction of the gluon inside the jet can be arbitrarily small even if the jet selection criterion (2.14) is applied. This soft gluon induces an unexpected QCD soft IR singularity that cannot be canceled at the EW NLO.
To solve these two problems we introduce an event selection criterion for the pp → ZZ +jet+γ +X process in which ZZ + jet and ZZ + γ events are properly defined. In the case that R γjet < R 0 , the jet and photon tracks are merged into a single track and the final state is a three-particle event. If
where z γ is the energy fraction of the photon inside the merged track, this three-particle event is called as a ZZ + γ event and rejected; otherwise, it is treated as a ZZ + jet event and kept [41] [42] [43] . However, this event selection criterion leads to the uncanceled final-state QED collinear IR divergence from the qg → ZZqγ andqg → ZZqγ partonic processes in the region of z γ ∈ (z cut γ , 1].
In analogy to the absorption of initial-state collinear IR singularities into PDFs, this remaining QED collinear IR divergence can be absorbed into the NLO definition of the quark-to-photon fragmentation function.
At the EW NLO, the bare quark-to-photon fragmentation function in the MS renormalization scheme can be written as [44] 15) where the quark-to-photon splitting function P γq (z γ ) is given by
The nonperturbative fragmentation function D q→γ (z γ , µ f ) is experimentally feasible and has been measured at the LEP in γ + jet events. In this paper, we employ the parametrization of the nonperturbative fragmentation function used by the ALEPH collaboration [45] , i.e.,
where µ 0 = 0.14 GeV and C = −1 − ln(M 2 Z /2µ 2 0 ) = −13.26 are obtained from one-parameter data fit.
According to the event selection criterion described above, we should subtract the contribution of the ZZ + γ events from the perturbatively well-defined inclusive cross section in which the photon energy fraction z γ ranges over 0 ≤ z γ ≤ 1. The subtraction term can be written as
where dσ (pert) and dσ (frag) correspond to the perturbative radiation and nonperturbative production of a photon over the region of z γ ∈ (z cut γ , 1], and the subscripts "fin" and "sing" denote the collinear-safe and -singular parts respectively. By employing the TCPSS method, the two terms of the right-hand side of Eq.(2.18) can be expressed as 19) where the (collinear-safe) effective quark-to-photon fragmentation function D q→γ (z γ ) is defined as [44] 
If the Cabibbo-Kobayashi-Maskawa (CKM) matrix V CKM is 2 ⊕ 1 block-diagonal, i.e., only the quark mixing between the first two generations is taken into account, the LO and NLO corrected cross sections for the ZZ + jet production are independent of the CKM matrix elements because all the related topologies 1 contain no charged-current quark chain. Therefore, we set V CKM = 1 3×3 in numerical calculation.
We employ the NLO NNPDF2.3QED PDFs [47] with MS and DIS factorization schemes in the NLO QCD and EW calculations, respectively. The strong coupling constant α s is renormalized in the 1 The topologies related to the ZZ + jet production at QCD+EW NLO are 0 → ZZqqg and those in Eq.(2.13).
MS scheme with five active flavors. The NLO QCD and EW corrections are expressed as 
To obtain the full NLO corrected cross section, we combine the QCD and EW corrections by using the naive product of the relative corrections and add the photon-induced contributions linearly [48] , i.e.,
The parameters for ZZ + jet event identification and selection are fixed as
The factorization and renormalization scales are set to be equal (µ f = µ r = µ) for simplicity, and the central scale value is chosen as
where m T = m 2 + p 2 T is the transverse mass of a particle and the summation is taken over all the final particles for the process pp → ZZ + jet + X. In the following numerical calculation, we take µ = µ 0 by default unless otherwise stated. Compared to the fixed scale choice used in Ref. [28] , this dynamic factorization/renormalization scale would be better to capture the information of dynamics than the fixed one.
III..2 Integrated cross sections
In Table 1 we list the LO, NLO QCD+EW corrected (including photon-induced contributions) integrated cross sections and the corresponding relative corrections (δ QCD , δ EW , δ γ-ind and δ NLO ) for the ZZ + jet production at √ S = 13, 14, 33 and 100 TeV hadron colliders separately. We can see from the table that the LO cross section is enhanced by the NLO QCD correction while suppressed by the NLO EW correction. Although the LO cross section increases notably with the increment of the proton-proton colliding energy, both the relative QCD and EW corrections are insensitive to the colliding energy. The NLO EW correction is about one order of magnitude smaller than the NLO QCD correction but quantitatively not negligible, while the photon-induced correction is very small compared to both the NLO QCD and NLO EW corrections. Table 1 : The LO, NLO QCD+EW corrected integrated cross sections and the corresponding relative corrections for the ZZ + jet production at √ S = 13, 14, 33 and 100 TeV proton-proton colliders.
In Table 2 we demonstrate the p cut T,jet dependence of the LO, NLO QCD+EW corrected integrated cross sections and the corresponding relative corrections for the ZZ + jet production at the 14 TeV LHC. The table shows that both the QCD and EW relative corrections are sensitive to the transverse momentum cut on the hardest jet. With the increment of p cut T,jet , the LO cross section decreases quickly since the transverse momentum cut of p T,jet > p cut T,jet is imposed on the hardest jet to select the ZZ + jet events, while the relative QCD correction increases due to the experimentally unresolved real jet radiation at the QCD NLO. Contrary to the QCD correction, the relative EW correction decreases with the increment of p cut T,jet , because the real photon emission would soften the final jet, and moreover, the final state is not ZZ + jet event if the photon is unresolved and sufficiently energetic.
To estimate the theoretical uncertainty from the factorization and renormalization scales, we define 
The LO and NLO QCD+EW corrected integrated cross sections combined with the scale uncertainties for the ZZ + jet production at the 14 TeV LHC are given as σ LO = 2.1348
pb, σ NLO = 3.087
It shows that the NLO QCD+EW correction can improve the accuracy of the integrated cross section by reducing the scale uncertainty.
III..3 Kinematic distributions
In this subsection we provide some kinematic distributions of final particles before and after the Z-boson leptonic decays at the 14 TeV LHC.
III..3.1 Distributions for pp → ZZ + jet + X
In Fig.4(a) we present the LO, NLO QCD, NLO QCD+EW corrected Z-pair invariant mass distributions (
) and the corresponding relative corrections for pp → ZZ + jet + X. Among the two final Z-bosons, the leading Z-boson Z 1 and the second Z-boson Z 2 are defined as and the other the second lepton ℓ 2 . In the following we provide and discuss the distributions of the transverse momenta and azimuthal-angle separation of the two negatively charged leptons, i.e., dσ dp T,ℓ − 1 , dσ dp T,ℓ − 2 and
. In order to taken into account the off-shell contribution and spin correlation from the Z-boson leptonic decays, we transform the differential cross sections into Les Houches event files [49, 50] and use MadSpin method [51, 52] to obtain events after the Z-boson decays.
First, we present the LO distributions by applying both the naive narrow width approximation (NWA) and MadSpin methods in Figs.6(a,b) and Fig.7 , to demonstrate the spin correlation and finite width effects from the Z-boson leptonic decays. The relative deviation is defined as
where
. As shown in Fig.6(a) , the transverse momentum distribution of the leading lepton is enhanced by the spin correlation and finite width effects when p T,ℓ 
IV. Summary
In this paper, we calculate the NLO QCD + NLO EW corrections to the ZZ +jet production including subsequent Z-boson leptonic decays at the 14 TeV LHC. In dealing the Z-boson leptonic decays, we employ the MadSpin method to take into account the spin correlation and finite width effects.
Our numerical results show that the off-shell contribution and spin correlation from the Z-boson leptonic decays should be included in precision calculation. The NLO EW correction is relatively small compared to the NLO QCD correction, but is nonnegligible for precision theoretical predictions, particularly in high transverse momentum and invariant mass regions due to the Sudakov effect. Our analysis of the factorization/renormalization scale dependence of the integrated cross section affirm that the NLO QCD+EW correction can significantly reduce the scale uncertainty.
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